An additive 2-basis with range n is restricted if its largest element is n/2. Among the restricted 2-bases of given length k, the ones that have the greatest range are extremal restricted. We describe an algorithm that finds the extremal restricted 2-bases of a given length, and we list them for lengths up to k = 41.
Introduction
Let n be a positive integer. An additive 2-basis for n, or more briefly a basis for n, is a set of integers A k = {0 = a 0 < a 1 < · · · < a k } such that every integer in [0, n] is the sum of two of its elements, not necessarily distinct. The length of the basis is k. The largest possible n for a basis A k is its range and denoted n 2 (A k ). The maximum range among all bases of length k is n 2 (k), and a basis that attains this maximum is extremal.
A basis A k is admissible if n 2 (A k ) ≥ a k , restricted if n 2 (A k ) ≥ 2a k , and symmetric if a i + a k−i = a k for all 0 ≤ i ≤ k. Since for any basis n 2 (A k ) ≤ 2a k , a restricted basis has in fact n 2 (A k ) = 2a k exactly.
The maximum range among restricted bases is called the extremal restricted range and denoted n * 2 (k), and an extremal restricted basis is one that attains this maximum. Table 1 : With length k = 10, there are eight extremal restricted bases and two extremal nonrestricted bases, listed by Wagstaff [10] . The two bases marked with † are mirror images of each other; similarly the two bases marked with ‡. Notes: R = restricted, NR = nonrestricted; S = symmetric, A = asymmetric.
If an extremal basis is restricted, is it necessarily symmetric?
3. Does every k ≥ 15 have an extremal basis that is symmetric?
The first question is answered affirmatively by a theorem of Rohrbach [7] . The second question was posed by Riddell and Chan [6, p. 631 ], but to our knowledge has not been answered in general; with k ≤ 24 the answer is yes.
The third question has appeared in a stronger form: it was suggested that all extremal bases with k ≥ 15 might be symmetric [1] . This was later disproven by Challis and Robinson, since k = 21 has three extremal bases: one symmetric, two asymmetric [2] . The question remains whether every k ≥ 15 has at least one extremal basis that is symmetric.
In this work we describe an efficient algorithm for finding all extremal restricted bases of a given length k. The algorithm is based on the idea that a restricted basis can be constructed by concatenating two shorter admissible bases, one of them as a mirror image. With this method we have computed all extremal restricted bases of lengths k ≤ 41.
Note that we have included a 0 = 0 in a basis, similarly to Wagstaff [10] . If 0 is excluded, the equivalent condition is that every integer in [0, n] is the sum of at most two elements of the basis [8, p. 3.1] . Excluding the zero is perhaps more usual in current literature, but including it is more convenient for our purposes. The zero element is not counted in the length of a basis.
Related work
Our search algorithm builds on a combination of existing ideas. Rohrbach discusses symmetric bases, and the proof of his Satz 1 is based on the observation that if a basis is mirrored from a k , then its pairwise sums are mirrored from 2a k [7] . We shall exploit a generalization of this for asymmetric restricted bases.
Riddell and Chan discuss the connection between symmetric and restricted bases [6] . Mossige notes that symmetric bases A k can be efficiently searched by scanning through admissible bases of length A ⌈k/2⌉ [5] . For symmetric bases this is sufficient; the second half of a symmetric basis is a mirror image of the first half, and then Rohrbach's theorem ensures that the constructed set A k is a basis for 2a k . For asymmetric restricted bases, a similar search can be conducted separately for the two halves of the basis (prefix and suffix). However, since Rohrbach's theorem does not apply to asymmetric bases, the construction does not automatically yield a basis for 2a k . This must be checked separately.
The final ingredient is the "gaps test" by Challis [1] . Based on a simple combinatorial argument, it prunes the search tree of admissible bases, if they are required to have a range of at least a given target value T . In section 4 we shall prove lower bounds for the ranges of the prefix and the mirrored suffix. With these lower bounds the gaps test prunes the search tree very efficiently.
Definitions and initial results
If A and B are sets of integers, we define
and if b is an integer, we define the mirror image of A with respect to b as
The set of integers generated by A is
It is straightforward to verify that
By [c, d] we denote the consecutive integers {c, c + 1, . . . , d}. Now the condition that A is a basis for n is succintly stated as follows:
If A k = {a 0 < · · · < a k } is a basis and i < k, then A i = {a 0 , . . . , a i } is a partial basis. We state without proof three easy observations (see [1] and [8] ):
If a basis is restricted, then it is admissible.
Lemma 2. If a basis is extremal, then it is admissible.
Lemma 3. If a basis A k is admissible, then for all i < k the partial basis A i is admissible, and a i+1 ≤ n 2 (A i ) + 1.
The first question posed in the introduction is now answered by the following theorem, essentially the same as Rohrbach's Satz 1 [7, p. 4 ].
Theorem 4. If A k is an extremal basis and it is symmetric, then it is restricted.
Combining the above observations we have
Note that if A k is a restricted basis with range n, then its largest element is exactly a k = n/2. Exploiting the idea of mirroring from the largest element we obtain the following theorem.
Theorem 5. If A k is a restricted basis with range n, then a k − A k is also a restricted basis for n.
thus a k −A k is a basis for n. Its largest element is a k −0 = a k = n/2, thus it is restricted. Theorem 5 implies that asymmetric restricted bases always form pairs that are mirror images of each other. Two such pairs are seen in Table 1 .
Prefix and suffix of a restricted basis
Let A k be a restricted basis with range n and length k ≥ 3. Then by Theorem 5 the mirror image B k = a k − A k is also a restricted basis with range n. Choose now an arbitrary pivot index i such that 0 < i < k − 1. Split A k into a prefix A i = {a 0 < · · · < a i } and a suffix R = {a i+1 < · · · < a k }. The prefix is a partial basis of A k . The suffix can be mirrored from a k to obtain another basis
By Lemma 1 both A k and B k are admissible, and then by Lemma 3
We have now lower bounds for the ranges n 2 (A i ) and n 2 (B j ), but the bounds depend on a i+1 and b j+1 . However, these values can further be bounded from below:
where n 2 (i − 1) and n 2 (j − 1) are the maximum ranges of bases of lengths i − 1 and j − 1, respectively. These maximum ranges are currently known up to length 24.
Combining these bounds we can state a necessary condition for A k being a restricted basis with range n.
Theorem 6. If A k is a restricted basis with range n, and i is an index such that 0 < i < k−1, and i + j = k − 1, then:
The mirrored suffix
Example 7. Let k = 10 and n = 44, and choose i = 5 (thus j = 4). If A 10 is a restricted basis for 44, then a 10 = 22. Since n 2 (3) = 8, b 4 cannot be greater than 8 + 1 = 9; in other words, a 6 = 22 − b 4 cannot be smaller than 22 − 9 = 13; thus n 2 (A 5 ) ≥ 12.
Similarly, since n 2 (4) = 12, a 5 cannot be greater than 12 + 1 = 13; in other words, b 5 = 22 − a 5 cannot be smaller than 22 − 13 = 9; thus n 2 (B 4 ) ≥ 8.
The lower bounds are the ones given by Theorem 6. Consider now a restricted basis A 10 and its mirror image B 10 , shown in right-to-left order: The prefix A 5 has range 12, and the mirrored suffix B 4 has range 10. Both ranges are within the bounds required by Theorem 6.
The second part of Theorem 6 also provides an upper bound for the range of a restricted basis:
Choosing i = ⌊k/2⌋ this yields the following bounds, for even and odd values of k.
Corollary
Search algorithm
Suppose that k and n are given, and the task is to enumerate every restricted basis of length k and range n (if any such bases exist). Choose a pivot index i, for example i = ⌊k/2⌋.
A straightforward method would be to enumerate all admissible prefix bases A i , all admissible mirrored suffix bases B j , and for each pair (A i , B j ) check whether A i ∪ (n/2 − B j ) happens to be a basis for n, that is, whether it generates all integers in [0, n]. For large k this is not feasible, as the number of admissible bases of length i increases rapidly (see A167809 in [9] ). However, Theorem 6 gives definite lower bounds for the ranges of the prefix A i and the mirrored suffix B j . Thus only a tiny fraction of all admissible prefixes and mirrored suffixes need to be considered, as seen in the following example.
Example 9. Let k = 25 and n = 228. We want to know whether there are any restricted bases with these values, and to list them if there are. Choose i = 12 (thus j = 12). The last element of a restricted basis must be a k = n/2 = 114. There are 15 752 080 admissible bases of length 12, but we only need to consider the prefixes A i such that n 2 (A i ) ≥ 114 − n 2 (11) − 2 = 58; there are only 187 such prefixes.
Admissible bases with a given length and a given minimum range can be enumerated with the algorithm ("K-program") described by Challis [1] . Combining these ingredients we obtain Algorithm 1, which enumerates all restricted bases of given length k and range n.
If n * 2 (k) is not known, Algorithm 1 can be run with different values of n, starting from the upper bound for n * 2 (k) provided by Corollary 8. If no solutions are found, n is then decreased in steps of 2, until for some n there are solutions. Only even values of n need to be considered, since the range of a restricted basis is always even. for all B j ∈ B do 9:
{Mirror from n/2} 10: By construction, this is an extremal restricted basis, so now we know that n * 2 (25) = 228.
Results
Using the search algorithm described in the previous section, we performed an exhaustive search for extremal restricted bases of lengths k = 25, . . . , 41. The bases are listed in Table 3 . For ease of reference, previously known extremal restricted bases of lengths k = 1, . . . , 24 are listed in Table 2 . For lengths 25, . . . , 29 the extremal restricted bases are the extremal symmetric bases listed by Mossige [5] . For lengths 31, . . . , 41 they equal the bases given by Challis and Robinson's construction [2, p. 6] . Note that while the aforementioned construction gives a lower bound for the extremal restricted range, exhaustive search gives the exact range.
With k = 30, there are six extremal restricted bases with range 316. Four of them are symmetric and were listed by Mossige, but two are asymmetric. This is perhaps unexpected, and shows that at least one of the questions 2 and 3 stated in the introduction must be answered negatively. It is currently not known whether n 2 (30) is 316 or greater.
see Table 1  11 Table 3 : Extremal restricted bases of lengths k = 25, . . . , 41. S = symmetric, A = asymmetric. +c indicates several elements with a repeated difference of c.
• If n 2 (30) = 316, then we have here two extremal bases that are restricted, but asymmetric; this would answer question 2 negatively.
• If n 2 (30) > 316, then there must be some (currently unknown) nonrestricted bases with range greater than 316, but they cannot be symmetric (for if they were, they would be restricted by Theorem 4). This would answer question 3 negatively.
As an example of the time requirement, with k = 41 and n = 562, the algorithm generates 5 514 prefixes of length 20 and range at least n/2−n 2 (19)−2 = 139. These were enumerated in 120 CPU hours on parallel 2.6 GHz Intel Xeon processors, with a C++ implementation of the Challis algorithm. Since 41 is odd, we have j = i, and the mirrored suffixes are the same as the prefixes. The concatenation phase of the algorithm (lines 7 to 15) took 1.8 seconds with a Matlab implementation.
Discussion
Restricted bases are an interesting class of additive bases for two reasons. On one hand, searching for the extremal solutions among restricted bases is enormously faster than searching among all additive bases, as illustrated in the previous sections. This efficiency stems from Theorem 5, which places a very strong constraint on any extremal restricted basis: that its mirror image must also be a restricted basis (possibly different). Thus restricted additive bases can be seen as a generalization of symmetric additive bases.
On the other hand, among lengths k = 1, . . . , 24, in almost every case at least one of the extremal bases is restricted (with the sole exception of k = 10). The reason for this is not known, and it is not known whether this regularity continues for k > 24. The case of k = 30, discussed in the previous section, suggests that there may be surprises waiting to be found.
For simplicity, we have always taken i = ⌊k/2⌋ in our search algorithm. Further research is needed to find the optimal pivot index i that minimizes the search work.
While Theorem 5 as such does not apply to nonrestricted bases, it would be interesting to know if it could be generalized in such a way that applies to them. Such a generalization might provide an improved search method for extremal additive bases in the nonrestricted case.
